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In 1931 at the age of just 25 years, the young Austrian mathematician Kurt Goedel proved an astonishing

mathematical theorem that made him instantly famous and a celebrity in mathematical circles around the
world (see picture; in the Anglo-Saxon literature Goedel is usually referred to as "Godel" skipping the Um-
laut in his German name).

Despite its very abstract nature and the lack of any every day practical use, Goedel's theorem - the so called
Incompleteness Theorem - has had a dramatic and deep impact on mathematics itself and its foundations.

It also had a substantial impact on the philosophy of the 20th century and our understanding of the gener-
al limitations of computers and algorithms.



I will explain here how Goedel's theorem actually caused the emergence of the new science of Artificial In-

telligence (AI) and theoretical computer science in the 1940s and 1950s and how it motivated such key AI
pioneers like Alan Turing to get involved. The birth of AT and the course AI has taken ever since can only be
appreciated and understood well when one takes Goedel's theorem and its impact into account. Goedel also
made many other breakthrough discoveries even in Einstein's General Relativity Theory where he pro-
duced a solution to Einstein's differential equations which allows time travel - at least in theory (see picture
above; Einstein and Goedel became close friends during their time together at Princeton).

Some leading scientists like Sir Roger Penrose even argue that Goedel showed with his Incompleteness
Theorem that today's computers can never reach human level intelligence or consciousness, that humans
will always be smarter than current computers or any computer algorithm can ever be and that computers
will never in the true sense of the word "understand" anything like higher level mathematics, especially not
mathematics that deals with trans-finite sets and numbers.

What Goedel's theorem actually says in detail and how it impacts Al even today will become clear and easi-
er to understand after we have had a quick look into the history of mathematics and logic and how and why
we got to the point of Goedel's involvement and theorem.

Georg Cantor - A Universe of Infinities
As a consequence and by-product of the industrial revolution in the 19th century, theoretical physics and

mathematics had a kid of "cumbrian explosion" period in the second half and especially in the last quarter
of the 19th century. Many famous mathematicians (and physicists) created fascinating new theories and



discovered deep and far reaching mathematical results. Among them was the genius German math-

ematician Georg Cantor.

Cantor (pic on left) invented the so called "set theory" which later on was shown to be able to build a basis
and foundation for all branches of mathematics. Set theory is now still taught even in primary schools all
over the world to teach children the basic concepts of abstract mathematics. However, Cantor was not con-
sidered a genius at first (that only happened about 30 years later) but he was rather strongly attacked by
his peers at the time in the 1870s and 1880s.

This was because Cantor single handedly extended our concept of finite sets to infinite sets and far beyond.
He famously discovered that once one allows infinite sets to exist as mathematical objects, one can create a
whole universe of more infinite sets. He discovered especially that infinity is not the same as infinity. There
can be many different kinds of infinities. That was a very surprising result for the mathematicians of his
time (and still is for most people today).

He proved for example that the natural numbers "N": 1, 2, 3, 4, 5, 6, 7... and so on, when taken as a com-

plete set, is the smallest kind of infinite sets possible. This set N has some strange properties that are not
possible for finite sets, for example: N has exactly as many members as just half of the set N ! This is easy
to see. Take only the subset of even numbers from N: 2, 4, 6, 8, 10...and so on and call this set N2. Then



one can put the numbers of N into a 1-1 matching relation with the members of N2 like this : 1-> 2,2 -> 4,
3 -> 6, 4 -> 8 and so on, mapping every number n from N to 2n from N2. Therefore, every number of N will
be mapped exactly to one number of N2 and vice versa, so both sets have exactly the same number of mem-
bers. As a matter of fact, that is true to any infinite subset of N, not just N2 !

This feature of N can actually be used to define infinity. A set is infinite if it can be shown that there is a 1-1
mapping between itself and a proper subset of itself. Cantor introduced the intuitive concept of 1-1 map-
pings for determining and comparing the size of infinite sets (called the cardinality of a set).

This is just a trivial example. Cantor proved much more interesting and surprising results. For example he
proved that the rational numbers (the set of all quotients of natural numbers like 3/4, 9/7 or 145/11) can
still be counted with the natural numbers N and hence are just as many as N (see pic on left that shows
how the rational numbers can be counted). He also proved, that the set of irrational numbers, these are the
numbers that cannot be expressed as fractions of natural numbers (like Pi, e or the square root of 2), can-
not be counted with the natural numbers. So, the set of irrationals numbers (and hence also the set of real
numbers R) has more elements (a higher cardinality) than N and hence cannot be counted.

He proved this by using his famous "diagonal" construction (see pic below) that showed that any supposed-
ly complete enumerated list of irrational or real numbers R will always miss some irrational numbers,
thereby proving that a complete enumeration of the real numbers by the natural numbers is impossible.
This is somehow surprising as intuitively there seem to be less irrational numbers than rational ones as
they are more cumbersome to generate.

The uncountability of the irrational numbers also means, that there are in fact at least two different kinds
of infinities: the countable and the uncountable. Cantor has actually shown that there are even an infinite
number of ever bigger infinities by showing that the set of all subsets of any given infinite set is always sub-
stantially bigger (cannot be put into a 1-1 relation) than the set itself.

These results were all quite disturbing and counter intuitive at first and made his colleague mathemati-
cians feel very uncomfortable about this new realm of mathematics. Cantor had no methods that would
construct infinite sets with finite methods that could at least in principle be verified by the existing meth-
ods of the time. Never in the history of math had infinities as completed objects been studied seriously. But
Cantor had introduced in one stroke of genius a whole new mathematical universe of different infinities.

That was all hard to swallow by his peers even though they realised and had to admit that the new realm of
infinitely many infinite sets was fascinating and a beautiful construct with astonishing new mathematical
laws governing them. They seemed logically consistent and an extension of finite mathematics into the
trans-finite world (although nobody had any idea how this could ever be applied to the real world we live
in).

As a religious man, Cantor did not make it easier for his struggling peers to accept his new infinities, new
methods, new types of proofs and concepts by claiming that God himself gave him the intuitions for his set
theoretic work and the discovery of the world of infinite sets. This "justification" of Cantor for his new set
theory and the trans-finite sets was just too much for lots of his peers and unacceptable. A more solid and
objective justification was urgently needed. Since there are no finite methods to construct and to verify



properties of trans-finite sets, how could one make sure that these sets their properties do not lead to in-
consistencies ?

Gottlob Frege - the Godfather of modern Logic and the Philosophy of Language

The fight and arguments between Cantor and his mathematical peers caught the attention of another ge-
nius German mathematician named Gottlob Frege (see pic below). Frege was excited on one side about the
major progress mathematics had made in many areas in his time but was also appalled by the obvious lack
of rigour and exactness and the absence of a solid scientific foundation of mathematics at the time. The cre-
ativity the mathematicians had shown in many areas was not matched by the required rigour that should
be associated with such an important and fundamental science as mathematics. After all, it was mathemat-
ics that has introduced the concept of "proof" and rigour to science since the days of the ancient Greeks.

He was most concerned about the concept that mathematics was something that was created and guided by
some person's "intuitions" like Cantor claimed or other mental activities. His stance was very strongly pla-
tonistic and pointing in the opposite direction. For him mathematical truths had to be objective and mathe-
matical statements had to be true or false independent of a mathematicians mental activities or intuitions.

To substantiate his stance, Frege developed his own philosophy of language and mathematics. He wrote a
series of brilliant and influential philosophical articles about language and mathematics and especially
about the meaning and sense of words, predicates, sentences and concepts that are still considered classics
and must-reads today in philosophy classes. His philosophy of language impressed and strongly influenced
even such great philosophers like Ludwig Wittgenstein and Betrand Russell and made Frege the father of
modern philosophy of language which was especially popular in the Anglo-Saxon world in the 20th
century.

Frege realised that there were two major problems in mathematics responsible for all the arguments. First,
there was no concise and precise scientific language to describe complex mathematical objects and proofs.
Without a precise language there could not be any precise proofs or mathematical concepts. Mathemati-
cians in his days often mixed up undefined and vague expressions from every day natural language with
mathematical language and complex mathematical concepts. This in his eyes was a major cause of confu-
sion and errors in mathematical statements and proofs.

Secondly, he realised that mathematics needed a more profound basis upon which one could build all the
new concepts and even the trans-finite objects of Cantor. Frege identified logic as this more basic founda-
tion. After all, logic was in a sense much simpler than mathematics and only had a few clear rules and
concepts.

He believed therefore that logic was easier to understand and to agree upon and more fundamental than
mathematics. In addition, he believed that all mathematical concepts and methods could actually be de-
rived from more basic logical concepts and methods. Whenever mathematicians need to prove a mathe-
matical statement, they need to follow valid logical rules and principles, otherwise the proof could and of-
ten would be flawed.

However, the known logic of Frege's time was trivial and of no much use and consisted essentially still of
the thousands of years old syllogisms of the Greek philosophers. Their logic was not sufficient and not ex-



pressive enough to handle the complex constructs and proofs of modern science and mathematics.

So, Frege set out to solve these two problems and spent the rest of his academic life and several decades de-
veloping a more refined and more powerful logic and a precise scientific language able to describe and ex-
press all of modern mathematics.

For this Frege created a completely new 2-dimensional symbolic language (see picture on the right) which
he called "Begriffsschrift" in German, or "Concept Language" in English.

He then showed how set theory and arithmetics, the theory of the natural numbers (which lies at the core
of pretty much all of mathematics), can be described and formulated using only his new 2-dimensional sci-
entific language combined with his new extensions of classical logic.

He worked several decades on this big task, mostly alone in complete solitude with no other mathemati-
cians co-operating. As a matter of fact, he had major difficulties to publish his book with this Begriffsschrift
as it was very expensive at his time to print and publish such a unique 2-dimensional script. He only got it
published at the end by paying for the print himself. Despite all his efforts, Frege's 2-D symbolism and sci-
entific language with its unique and unmatched rigour did not survive him.

What did survive him however, were his new ways to extend classical logic and these are all still used in
mathematics and especially in mathematical logic everywhere today.

Classical logic as formulated first by the great ancient Greek philosophers was mainly a propositional logic.
It was introduced to allow judgments about the correctness and validity of philosophical arguments and
mainly used to define the rules on how to correctly derive propositions from other propositions. One could
formulate simple rules like: If A is true and if B is true, then so is "A and B". Or conclusions like: If A is true
and if "A implies B" is true, then B is true. Classical logic also allowed simple judgments about subsump-
tions like: If all X are Y and if all Y are Z, then all X are Z (for example: if all Greeks are Europeans and all
Europeans are humans, then all Greeks are humans as well).

Frege saw that these simple logical rules and laws needed to be extended and refined to formulate even
very simple mathematical constructs (like "2+2=4") and objects like mathematical functions. To solve this
problem, he introduced the concept of logical variables (usually denoted as X, y, z) and logical predicates as
properties of these variables (usually denoted by P(x), Q(y) or R(x,z)). He gave a lot of thought to the ques-
tion what would be the meaning and semantics of such variables and predicates, how could they be inter-
preted correctly (which became the central questions of his philosophy of language). Finally he defined the
semantics and meaning of logical predicates as Cantor like sets, as their "extensions" as Frege would say
and the meaning of the variables as potential members of such sets.

An extension of a predicate (or its meaning) is therefore simply the set of all objects that fulfil the predi-
cate. For example, he could define a predicate M with one variable x written as M(x). M(x) is true if x fulfils
the predicate M. Let's say M is the predicate "being male". Then for any x, M(x) is true if and only if x is
male (and false if x is female).

If a predicate had more than one variable, it was called a relation. For example the predicate B defined as
"bigger than" has two variables x and y with B(x,y) being true if and only if x is bigger than y. So, if B(x,y) is



true, then B(y,x) must be false. He also defined the semantics of whole sentences. A well formed mathemat-
ical statement must be either true or false (principle of the excluded third).

The meaning of a sentence for Frege is simply its truth value, true or false. To differentiate between the
meaning of an expression (what it denotes and stands for) and the more refined aspects of how we under-
stand an expression, he used the term "sense". So, the meaning of "4" and "2+2" is the same object, but the
sense of the two expressions are different. That us why for Frege equations like "a=a" and "4=2+2" have
the same meaning, but very different senses and cognitive values. "a=a" is a true statement for any a and
does not tell us anything beyond that fact. However, "4=2+2", as trivial as it seems to be, tells us something
about the results of applying the "+" operation to some numbers. "a=a" is a pure tautological statement
which is universally true, whereas "4=2+2" is a statement of arithmetics that needs to be proven to be true.

With these new logical concepts of variables and predicates Frege had introduced the equivalent of func-
tions in mathematics to logic using a similar notation as we still use today like when we write "f(x)" to de-
note the value of a function when applied to a variable x.

His other major innovations were notations for so called universal and existential quantifiers that connect-
ed the logical variables and predicates to formulate more intricate nested statements than just the simple
propositions of the Greek syllogisms. The quantifiers would allow statements like "for all x with the proper-
ty P" or "if there exists any x with property P" (see the picture above that shows the currently used one- di-
mensional logical notations as compared to Frege's original Begriffsschrift notations). In this extended no-
tation of logic with the new concepts of predicates, logical variables and quantifiers any statement of math-
ematics can be formulated even today like: "For all x there exists one y, so that: if x /=0 then x*y=1".

Bertrand Russel - The set of all sets that are not members of themselves

Frege was quite proud of his Begriffsschrift and its power and rigour so he finally published it in 1879. He
then worked on formulating and deriving the basic statements of the arithmetic of natural numbers from
only logical concepts and principles in his Begriffsschrift. He published his results in a second book about
the foundations of arithmetic in 1893 and everything seemed to run well for him and he slowly got recog-
nised as a leader in his field.

However, just about 10 years later in 1902, shortly before he could finish and publish the second volume of
his foundations of arithmetic, he received a short notice on a simple postcard (for the younger readers,
postcards were the paper equivalents of sms or chat messages today) from the young mathematician
Bertrand Russell (see pic below). Russell, a gifted mathematician and logician and later famous philoso-
pher and Nobel Prize winning writer, alerted Frege that he constructed a contradictory set within Frege's
framework of the foundations of arithmetic!

Frege was completely shocked. However, he saw and admitted immediately that Russell was correct. Rus-
sell's short postcard message destroyed Frege's life's goal and work of nearly 30 years and after it became
known caused a major crisis for all of mathematics in the first half of the 20th century !

What had happened that a simple and short postcard message could have such a dramatic effect ?



The irony was that Russell admired Frege for the great work he had done to extend classical logic and his
Begriffsschrift and clarification he had brought to mathematics and the philosophy of language. While
studying Frege's Begriffsschrift and working on his own opus "Principia Mathematica", however Russell
had found a simple to construct logical contradiction within Frege's framework.

Russell constructed a set which we will just call "R". Let R be defined as: the set of all sets, that do not con-
tain themselves as elements.

Even though sounding a bit odd, it's a legitimate set and easy to define in Frege's Begriffsschrift. There are
plenty of examples of sets that are members of themselves and sets that are not members of themselves.
For example: let X be the set of all things that are cars. Then obviously X is not a member of itself because
X is a set and not a car. However, if we define Y as the set of all things that are not cars, then Y is a member
of itself as it is not a car !

When one now asks the question: "is R an element of itself or not ?", then trouble occurs. Let's first assume
that R is indeed a member of itself. Then it follows that R cannot be a member of itself as R only contains
sets as members, that are NOT members of themselves ! However, now, if one then assumes the opposite
that R is not a member of itself, then simply by definition R must belong to itself as it is defined as just the
set of all sets that are not members of themselves ! So, whatever we assume, we come up with the opposite
and hence a contradiction.

Such contradictions or paradoxes, as they are often called as well, were nothing new. The Greek philoso-
phers knew some of them already like the Cretan liar paradox (when a Cretan says "all Cretans are liars"
can he be right ?). Russell himself gave an example in plain English with no recourse to mathematics called
the barber paradox. Assume there is a village with lots of men that need to be shaved regularly. Let's as-
sume there is only one barber in the village who has a license to shave. Now, according to the license the
barber must shave all and only the men that do not shave themselves.

What happens to the barber when he needs a shave himself while sticking exactly to the terms of his li-
cense? Is the sentence: "the barber shaves himself" true or false ? If it is true, then the barber shaves him-
self, but that cannot be true as he can only shave men that do not shave themselves. If it is false, then the
barber does not shave himself, but then he must shave himself as his duty is to shave all the men that do
not shave themselves ! Similar paradoxes can easily be constructed in natural language but used to be seen
as oddities and irrelevant brain teasers only of relevance for philosophers.

However, that is not the case when such contradictions and paradoxes occur in logic or mathematics ! Any
contradiction like the one Russell has found has catastrophic consequences for any classical logical and
mathematical system and theory. That is because it can easily be shown that if indeed a mathematical theo-
ry contains even a single contradiction or allows the proof of even a single false statement, then any other
statement can be proven as well, no matter whether it is true or false ! This makes the whole system useless
at once, as it cannot differentiate anymore between true and false statements and theorems of the theory.

Frege could not figure out what went wrong here despite all the decades long and hard thinking and
progress he had made with his Begriffsschrift. The key goal of all his work was to make sure that something
like this could never happen in his framework as otherwise what would be the purpose of all the effort and
rigour if it cannot even prevent such simple contradictions to occur !



Russell however, wasn't so shocked and paralysed as Frege was and went right into trying to solve the
problem. He soon figured out what went wrong within Frege's system - so he believed. He noticed correctly
that in Frege's system any well defined predicate P gave rise to a set of all things x that fulfil the predicate
P(x) (Frege's extension of the predicate). Let's say P is the predicate "being a prime number" and x any nat-
ural number, then P(x) is true if and only if x is a prime number.

Now, the role of x here as a variable to which the predicate is applied is crucial in Russell's view and needs
to be defined exactly and without any ambiguities. If x can take on only numbers as values, then everything
is fine and well defined. However, if x can take on also other values of different object type other than num-
bers then P(x) may not just be false but should be considered as simply undefined or utter nonsense in
such cases.

Say x denotes cars as well as numbers, then P(x), with P defining prime numbers, does not make sense
when x denotes a car (say a certain BMW) because cars cannot be prime numbers, so P(BMW) is neither
true nor false but an inappropriate use of the variable and predicate. The variable x must be considered as
part of another logical domain when it denotes cars rather than when x denotes say the number 7.

As a consequence Russell came up with his famous theory of types for variables and his theory of descrip-
tions for predicates that avoided the construction of sets that are members of themselves by defining in-
creasing logical levels of variables and predicates so that predicates could only be applied to variables of
certain lower levels but not to themselves. Russell wrote some influential philosophical papers about these
topics to justify his approach. He also worked closely with the young Ludwig Wittgenstein on these topics
who supported his approach at first, however became a strong critic of Russell's and similar views of math-
ematics and logic in his later years.

Russell worked out this theory over about 10 years and published it in his monumental and highly appreci-
ated 3 volume masterpiece book Principia Mathematica between 1910 and 1913 in which he successfully
defined and derived the basic laws of arithmetics (similar to Frege) but within his logical theory of types.
There have not been found any contradictions within his theory of types and his Principia Mathematica un-
til today.

David Hilbert - Save the Infinite and the Hilbert Program

Russell's Principa Mathematica was highly regarded among the mathematicians and logicians of his time
and a kind of relief for the foundation efforts, but it still did not really solve the key issue of avoiding con-
tradictions. Even if there were no contradictions ever found in the Principia Mathematica that were similar
to the one he constructed, that does not give any guarantee that there are no other, different types of con-
tradictions hidden somewhere that could suddenly pop up discovered by some bright mind - just like Rus-
sell's own paradox did. There was no proof that Russell's theory was free of contradictions itself - and as
long as there was no such proof, anything could still happen at any time in the future.

To avoid such a situation once and for all while still keeping Cantor's universe of trans-finite sets un-
touched, another influential German mathematician, David Hilbert, stepped up to the plate and got in-
volved. Hilbert was world renowned already at the time as he had first axiomatised classical geometry and
build the basis of non Euclidean geometry (the geometry of non flat surfaces - as it is needed and assumed
in Einstein's general relativity theory for example). Hilbert was a highly respected authority and probably



the most influential mathematician in the first 30 years of the 20th century.

Hilbert thought that the situation of the lack of a proven consistent foundation of mathematics was an em-
barrassment for all mathematicians. He wanted to make sure that mathematicians can define and can rely
on an agreed finite set of basic axioms (like for set theory) which would allow to proof any true mathemati-
cal statement that logically follows from the basic axioms and which would allow a clear and flawless con-
sistency proof for mathematics in general.

He therefore formulated the so called Hilbert program around 1920 demanding to focus on the following
from his fellow mathematicians:

1) provide a finite and complete axiomatisation for mathematics (similar as Hilbert did himself for geome-
try before) or at least for arithmetics which is the basis for many mathematical theories that can generate
all true arithmetical mathematical statements;

2) provide a proof that these axioms are consistent with only finite proof methods (to avoid a vicious circle
with infinite sets); consistent here means that there is no mathematical statement "P" known to be false
(like 0=1) that could be proven

3) provide an effective finite procedure (algorithm) that can decide whether any given mathematical state-
ment P is true or false (this part of the program was called the "Entscheidungsproblem" or "decision prob-
lem" which was resolved by Alan Turing some 15 years later - see below). Hilbert added this requirement in
1928.

Hilbert himself devoted most of his mathematical research after the 1920's to these demands. He created
the so called meta-mathematics along the way. This was an ingenious way to approach the above prob-
lems: he considered and investigated mathematical axioms, statements and proofs as mathematical objects
themselves.

He looked at a mathematical proof for example as if it was just a finite series of symbols starting with some
initial symbols (the axioms) and then transforming them only by admissible well defined rules into other
symbols in a finite number of steps - thereby disallowing and eliminating any kind of "intuition" or even
any semantic interpretation of the meaning of the symbols used.

The symbols and theorems of mathematics would just be like chess pieces on a chess board and the logical
rules like the rules for playing chess. Proving the consistency of a mathematical theory with a given set of
axioms would then be similar to proving that given a certain initial position of the chess pieces on the chess
board, a certain final position (check mate) could not be reached no matter what moves were used and ap-
plied to the pieces on the board. Although Hilbert denied seeing his approach like the above chess example,
it is still the best way to describe in non mathematical terms his new approach of meta-mathematics.

Many Logics, many Mathematics ?
Hilbert was kind of forced to set up his program, actually. He wanted to keep and defend set theory and all

the beautiful infinities created by Cantor. However, Russell's paradox and similar paradoxes derived from
set theory and the trans-finite methods used by Cantor led to a revolt of some key mathematicians of the



time (even one of his own most gifted pupils left his camp). The opponents attempted to create a non clas-
sical logic and mathematics that would produce results and theorems contradicting the mathematics and
logic of the time. Just a decade before the Second World War the mathematicians entered into a period of
"cold war" among themselves about the future of mathematics.

Hilbert's most verbal and prominent critic was the young Dutch algebraic topologist L.E.J. Brouwer. He
founded the so called Intuitionism mathematics and philosophy of mathematics. Brouwer believed that
any mathematical object (and proof) had to be constructive and finite. He believed that the natural num-
bers where basic concepts that could not be further explained or reduced and were given via intuition, pret-
ty much like the infinite sets were to Cantor. The only difference between Brouwer's intuition and Cantor's
was, that Brouwer referred to the intuition of an "ideal mathematician" rather than to God as Cantor did.

But Brouwer did not believe as Cantor in factual infinite sets - only in sets that could be constructed by ac-
cepted finite mathematical procedures from the ground up. Brouwer (picture on Dutch post stamp above)
was not shy about his views despite his youth. He had already proved some famous theorems in algebraic
topology but over time with the development of his intuitionism he distanced himself later even from his
own results and proofs because they were not constructive in the intuitionistic sense.

Brouwer denounced some key logical rules and principles that were accepted since thousands of years. He
argued that the paradoxes of Russell and set theory come up because they use some logical rules and dog-
mas that were intended only to be used for finite objects. He considered them no longer valid when applied
to infinite sets. His famous attack was on the logical principle and rule of the so called "excluded 3rd". This
rule means that for any properly formulated mathematical statement P, P must be true or false, there is no
3rd option !

Brouwer said this is not true when applied to certain mathematical statements for which there is no con-
structive proof or disproof known. Hence for such statements A, the classical tautology "A or non A" is not
true. If a statement cannot be proven or disproven then we have no basis to claim that this statement is ei-
ther true or not true - it is undecided that's the best we can say, but not true or false !

Mathematical truth for Brouwer is therefore much closer to the concept of proof than in classical mathe-
matics where there is a clear distinction between "truth" and "proof”. As a matter of fact, the whole purpose
of Hilbert's meta-mathematics is to analyse the relation between the truth and the proof concept for a giv-
en axiomatic system.

Brouwer also assumed that mathematical statements can change their "truth-status" over time. That is un-
thinkable in classical mathematics. Once a statement is true, it cannot later get false (as long as it has no
reference to time in its terms). But for Brouwer, if and when a so far undecided statement becomes proven
or its negation becomes proven, then the statement finally is decided and becomes either true or false. As
long as no proof has been found however, the truth status of such statement cannot be decided.

Brouwer's intuitionistic mathematics and logic had some strong impact on math and logic as it was con-
structive and seemingly consistent. Intuitionism had its high time in the 1920's and 1930's but did not real-
ly find many followers at the end because the adoption drastically reduced the mathematical and logical
methods one could use. That was not in the interest of most mathematicians. Today intuitionist and con-
structivist methods are seeing some sort of revival due increasing and massive role of computer technology



which inherently has to be finite and constructive (but still usually makes use of the excluded 3rd logic
principle).

Goedel's Incompleteness Theorem - The Limits of Math and Logic

Now, we finally get to Goedel and his Incompleteness Theorem. Geodel was no friend of intuitionism. He
was a strong believer in Platonism like Frege. For him, doing mathematics was not creating something in
ones mind (like Brouwer thought) but rather like discovering something - eternal truths. Mathematical ob-
jects existed for him independent of humans. We could grasp mathematical truths with our minds and dis-
cover proofs but we do not create these truths or any mathematical objects. Hence, he also had no problem
of dealing with completed infinite sets. He wanted to support Hilbert's program by trying to prove some of
the goals Hilbert had previously posted and demanded for mathematics.

However, this unintentionally backfired. Goedel's Incompleteness Theorem actually proved that Hilbert's
goals were impossible to achieve ! It changed our understanding of axiomatic mathematical and logical sys-
tems for ever.

Without going too much into the technical details and exact logical formulations, this is essentially what
Goedel's Incompleteness Theorem says (it's actually 2 theorems):

1) Incompleteness Theorem 1: Any formal axiomatic mathematical system expressive enough to for-
malise the axioms and basic properties of the natural numbers (arithmetic) will be incomplete in the
sense that there will always be true sentences in this system that cannot be proven within the system
(meaning, only with the axioms and rules allowed within the system)

2) Incompleteness Theorem 2: The consistency of any such system cannot be proven within the sys-
tem itself !

The more important theorem is obviously theorem 2 as it talks about the impossibility of consistency
proofs, a result that nobody before Goedel had ever imagined to be true.

However, let's first quickly discuss theorem 1 and its consequences before we try to understand theorem 2.
Theorem 2 is a consequence of theorem 1.

Theorem 1 says that, no matter how well we define our axioms and methods in a mathematical/logical the-
ory, if the systems allows to define and describe the natural numbers and their properties (arithmetics)
there will always be unprovable but still true statements that can be formulated in the system. The theorem
hence says essentially that in a consistent and decently descriptive formal system of arithmetics the subsets
of all possible statements formalisable within the system that define provable and true statements are not
identical.

A formal system or theory is said to be complete if a) only true sentences can be derived and b) all sen-
tences that are true in the system can actually also be proven. a) secures consistency of the axioms and the
methods that allow deriving new statements from the axioms, this is a must, otherwise the whole system is
useless. b) is the real completeness requirement. If b) is not fulfilled then the underlying axiom system
does not yield all the true facts and hence would not allow us to have a "complete" picture of all the things
the theory describes and all true statements that follow from the axioms.



So, Goedel's theorem 1 already deals a major blow to Hilbert's program. It essentially says that we will nev-
er find a complete finite set of axioms and rules for mathematics (actually, not even for small parts of
mathematics like basic arithmetics) ! However precise we set up an axiom system for mathematics, there
will always be some true mathematical statements that this axiom system cannot yield and we cannot
prove. In a sense theorem 1 says: there is no solid and complete foundation of mathematics possible.

In hindsight, the consequences of Goedel's first theorem weren't so bad and even opened up several new
fields of mathematics like: non-standard analysis and arithmetics, proof theory, model theory and higher
level set theory. It turns out that many mathematical statements can be found and constructed that are in-
dependent of the classical sets of axioms (like the Peano axioms for the natural numbers or the Zermelo-
Frenkel axioms of set theory).

A statement P is independent of an axiom set if neither P nor its negation non P can be derived from the ax-
ioms. Important statements of set theory like the axiom of choice or the continuum hypotheses are inde-
pendent of the classical set theoretical axioms (also proven by Goedel later).

This gives rise to competing axiomatic mathematical theories with different sets of provable theorems - or
one could simply say: different mathematics. This is because if an independent statement P (axiom) is
found, then P (or non P for that matter) can be added to the basic axioms without causing any contradic-
tions, therefore allowing different axiomatic systems for math.

That was already a big shock to Hilbert and the whole mathematical world. But Goedel's theorem 2 made it
even much worse. Theorem 2 is a special case of theorem 1 and says that an absolute consistency proof for
mathematics is impossible. Never in the history of science has a more profound statement been made - and
even been proven!

Theorem 2 came as a big surprise because it seemed like mathematics stood on solid grounds again after
Russell had published his Principia and no further inconsistencies had been found in his system even until
today. Russell and the whole world thought that with the construction of logical types of variables and
predicates inconsistencies were made impossible and a thing of the past. But Russell - like Frege before
him - had overseen an essential detail: the natural numbers.

The natural numbers 1, 2, 3, 4, 5, 6...and so on, seem so "innocent" and "natural" and so familiar to us, that
we call them the natural numbers. They don't seem to deserve any justification. However, it turns out, they
are not as "innocent" as they seem at first. Goedel's most genius insight and key part of his proof was to dis-
cover and realise that one can actually use the natural numbers for the encryption/encoding of any finite
axiomatic theory and any finite number of series of statements about numbers - hence even to encode all
possible mathematical proofs !

Consequently, in his proof of theorem 2, Goedel constructed a function G that encrypted any statement and
possible proofs of statements as a specific (usually very large) natural number (called the Goedel number).
A proof within the system is defined as a certain finite sequence of statements of the system that begins
with some axioms and ends with the statement itself and any two statements following each other in the
sequence had to be generated only by the allowed rules of the system.

These natural numbers and their Goedel numbers had now 2 possible interpretations: first, they could be



seen as just normal albeit large natural numbers and as the objects of the usual underlying mathematical
theory and axioms (of arithmetics). On the other side, on a meta level, every such number could also now
be read and understood as representing and encoding a statement about natural numbers or even an en-
coded proof!

Using a very clever variation of Russell's paradox and the 2 parallel possible interpretations of the natural
numbers, Goedel was then able to construct self referring statements within the system and encoding them
again as natural numbers.

He defined a specific relation between natural numbers n and m, Proof(n,m), that is true if and only if n en-
codes a proof of the statement that is encoded by m. He then used Proof(n,m) to construct a self referring
statement "S" that says on the meta level: "I am not provable". Goedel then proved that neither S nor non S
are provable within the system. The argument goes like this: First we assume that the underlying axiomatic
system for which we want to proof the consistency is actually consistent. For, if it were not consistent, then
we could proof anything. So, we assume consistency and now want to prove, that this is indeed the case.

So, let's first assume that S is provable within the system, then S would also need to be true (because the
system is assumed to be consistent, no false statements can be proven), but then it would be true that S is
not provable as this is what S says about itself. Hence, the assumption that S is provable leads to a false
statement, which means the assumption that S is provable cannot be true.

Now, let's see if non S, the negation of S, could be provable. Let's assume non S is indeed provable. Since
the underlying system is consistent, then S cannot be provable as well. However, since S says "I am not
provable", it then is true. But now we would have both true S and non S, which again cannot be as we have
assumed that the underlying system is consistent and hence not both statements can be true.

In summary, S (and non S) are not provable within the system when we assume its consistency. However, S
expresses the consistency of the underlying system because it says that S itself is not provable. If we have
even jus one single sentence in the underlying system that is indeed not provable, then the system MUST
be consistent as it means that not every statement is provable. Hence, the unprovability of S is equivalent
with the unprovability of the consistency of the underlying system.

For a more exact and formal sketch outline of Goedel's proof that does not need a lot of mathematical
knowledge, please see:
https://en.wikipedia.org/wiki/Proof_sketch_for_Godel%27s_first_incompleteness_theorem

With these astonishing theorems Hilbert's program was practically dead, something that Goedel had not
intended.

Goedel's Incompleteness theorems, however did not say that consistency proofs are impossible, but they
showed for such a proof one would always need to use additional unproven axioms or non admissible
methods from outside of the system - and that would defeat the whole purpose of a consistency proof and
would be a kind of cheating.

Pretty much at the same time as Goedel was working on his theorems, the Polish mathematician Alfred
Tarski worked on a similar problem and had similar results. He showed that in any decently expressive for-
mal system that allows the definition of the natural numbers that is consistent, the concept of "truth" could



not be defined without creating contradictions within the system. That was another major blow to Hilbert's
program and goals. How could mathematics even be possible without being able to define the concept of
"truth" within its axiomatic framework ?

Alan Turing - what is an Algorithm, what is Intelligence ?

The final problem posed by Hilbert in 1928 and still unsolved after Goedel's results and Hilbert's last hope
was the so called Entscheidungsproblem: can there be an algorithm that decides of any given mathematical
statement whether it is true or not in a finite number of steps ? After all, the Incompleteness theorems - as
devastating as they were -did not exclude the possibility of the existence of such a decision procedure.

However, as you may guess by now, the answer to the Entscheidungsproblem is also negative. There can be
no such algorithm and the person who proved this was the young and brilliant British mathematician Alan
Turing (on left), who is today widely considered as one of the fathers of Al

Turing was fascinated by Goedel's work and knew about Hilbert's program and his quest to find a decision
algorithm. However, knowing Goedel's theorems it was straight forward for Turing to prove that there can-
not be a finite algorithm that correctly checks mathematical statements for their truth.

To prove the Entscheidungsproblem and to define what an algorithm actually is, he first developed his fa-
mous and conceptually very simple model of a general purpose computer - the so called (universal) Turing
Machine, named after him. Instead of using complex mathematical proof techniques like Goedel or Alonso
Church, who at the same time and independently also solved the Entscheidungsproblem, Turing used his
much simpler and intuitive Turing machine model to solve the problem.

Turing first solved another problem the so called Halting Problem for Turing machines. The Halting Prob-
lem is the problem to decide, given any program simulated on a Turing machine and an input to it, whether
the program will stop after finite steps at the end or not (disregarding time and memory constraints).

Using a similar logic as Goedel did in his Incompleteness theorem, Turing proved that if any such algo-
rithm existed and were to be run on a Turing machine, the machine could be shown to run forever and halt
at the same time which is a contradiction and hence the assumption could not be true. Using this negative
result for the Halting problem, Turing then deduced that there also cannot be an algorithm for the more
specific Entscheidungsproblem for mathematical theorems.

Other than the very theoretical results of Goedel, the Turing machine and Turing's results have very practi-
cal every day consequences for computer scientists and programmers. For example, it's an easy conse-
quence of the unsolvability of the Halting and Entscheidungsproblem that there also cannot be a program
in any of the common high level programming languages used today that could check whether any given
program will get stuck in an endless loop (meaning it crashes) or not when run with certain inputs. That
means, there is no universal program checker or debugger. So, don't waste your time trying to develop such
a program. But that does not mean that Microsoft and the other big software firms shouldn't keep working
on improving their products.

How intelligent can Computers be ? In Defence of the Turing Test



Turing understood the strong limitations Goedel's theorems imposed on what we can do and achieve with
computers and algorithms. He himself proved that computers cannot solve the Halting problem (and today
we know of many other problems, that cannot be computed). So he asked himself the question, how intelli-
gent can computers eventually become ? Are real intelligent computers possible ? He even got interested in
the philosophy of mathematics and logic about these subjects and visited and discussed his views intensely
with the philosopher Ludwig Wittgenstein, who had a very different opinion than Turing about all these
issues.

Contrary to his fellow mathematicians, Turing was very familiar and even professionally involved in the de-
velopment of the first major programmable computers. It is well known that Turing was part of the efforts
cracking the Enigma codes of the German Nazis in World War II at Bletchley Park using and developing
one of the first large scale computers. So, he had a much deeper and better understanding of early comput-
er technology than Russell, Goedel, Hilbert and most of the mathematicians and logicians of his time.

It is therefore not surprising that Turing was fascinated about the early computers and what they could do
and quite optimistic about the levels of intelligence machines can achieve despite the known theoretical
limitations stemming from Goedel's results. He even developed one of the first chess programs to see how
well computers can perform on such tasks and whether they could reach human level skills. Turing asked
himself, how intelligent can even potentially much more powerful computers of the future get.

As a result he published a famous paper titled "Computing Machinery and Intelligence" in 1950. In this pa-
per he introduced the infamous Turing Test.

Turing argued that the question whether computers will ever be able to "think" or become "intelligent"
could not be answered because the terms "thinking" and "intelligence" are not clearly defined and will re-
main hard to define going forward. To nevertheless somehow get a grip on how to judge the intelligence of
machines and to have at least some agreeable practical criteria, Turing suggested his Turing test, a kind of
"computer intelligence" test.

He suggested a machine or program should be considered "intelligent" if it could at least mimic and emu-
late well the natural language understanding and communication skills of humans at a level that makes it
practically impossible to distinguish between humans and machines just by judging their respective lan-
guage skills.

Turing chose a language test because, even though it is quite limited in terms of the intelligence it would
measure, it still would need a lot of skills for a machine or program to ever master such as test as the pro-
gram/machine would have to: "understand" language to a very high degree and comparable to humans,
would need to be able to generate language in a human like quality, would need to have lots of knowledge
and especially common sense knowledge about the world to have any type of chit-chat with a human. It
would even have to have a "theory of mind" of humans as it would have to somehow be able to trick the hu-
man that performs the test into believing that itself is also a human. The machine would need to "under-
stand" and be able to predict what a human would expect of it, it would need to "understand" how to "lie"
about itself, pretending to be alive and conscious without being caught. It would need to have contextual
understanding, memory, humour, social skills, "understand" politics, basic science, culture and so on and

SO O1.



Although the Turing test proposal as a criterium for "general intelligence" has been criticised from many
sides for good and bad reasons, a serious Turing test has still not been successfully passed by any computer
or program even today. This shows that the test is actually very hard to pass and somehow matches and
supports our intuition that machines today are still far from general human intelligence levels. Al systems
can play chess and GO and soon also drive cars better than we humans do, but passing a serious Turing test
is still a major milestone for Al waiting to be achieved. It shows, how far sighted Turing was with proposing
this test model.

The AI Conference of 1956 - the Birth of AI ?

After WWII the center of research in many scientific areas and in mathematics and logic especially shifted
from Central Europe to the USA due to the lack of funds after the war but mostly due to the many re-
searcher immigrants that had left Europe fleeing from the Nazis and moved to America (among them Ein-
stein, Goedel, von Neumann, Fermi and many others). Somebody should explain this to Donald Trump
some day.

Most people in the AI community, especially the younger generation, don't seem to be aware of the high
level of pre WWII scientific culture and hence often date the birth of AI back to the famous Dartmouth con-
ference of 1956 where the term "artificial intelligence" was formed. This is still the prevailing US centric
view of the emergence of Al today. As I have tried to show here, this view is wrong and could not be more
ignorant of the history of ATl and computer science in general.

There would be no Al if it were not for the foundational crisis of mathematics and logic at the end of the
19th and the beginning of the 20th century and the tremendous efforts, achievements and genius insights
of people like Frege, Russell, Hilbert, Goedel and Turing, to name but a few.

The Dartmouth conference was organised just 2 years after the tragic and early death of Alan Turing in
1954. A group of brilliant people met in Dartmouth to push the agenda of machine intelligence forward and
each of them made remarkable and well known contributions to AI and some to science in general (like
Minsky and Shannon) in the decades after and during the second half of the 20th century and got us to
where we stand today in Al The conference was an important milestone in the development of A, no
doubt, but it should not be considered its birth date - like our world culture should also not be considered
to have started with the discovery of America.

Since the progress and the wide range of results in Al that have been achieved after this conference are very
well known and documented, there is no need for me to repeat it here and I conclude my little historic jour-
ney into the beginnings and the emergence of Al.

Conclusion

Even after more than 75 years the relevance and the impact of Goedel's theorems are still topics of discus-
sions in Al circles and in the philosophy of science and mathematics today. Some scientists argue that
Goedel's theorems show principle unsurmountable hurdles for current machines to ever become really in-
telligent (or conscious for that matter) and that the theorems dealt a deadly blow to all efforts to build for
example AGI (artificial general intelligence) and human level intelligence systems in Al



I would rather draw another conclusion from Goedel's theorems: the impact of his theorems can still be felt
by the current dominance of mathematics in AT models and most Al approaches. However, all intelligence
we know so far emerges only in biological, living systems, not in machines that are based on mathematical,
logical or engineering principles like all the modern AI models are.

In hindsight, the theorems show us that we may have taken a wrong path to AI. The way forward in Al
therefore rather lies in what I would call the "biology turn".

The key question for Al in the 21st century therefore should be: how do biological systems achieve intelli-
gence ? (see also my recent post: Cracking the Neural Code).

If current mathematics and computational logic cannot lead us to human level (artificial) intelligence and
machine consciousness as it seems, then other sciences like systems-biology, systems-chemistry, computa-
tional biology, bio-physics, modern (theoretical) cell biology and modern cognitive (neuro) science should
take over the lead instead.

E.Schoneburg

Hong Kong, May 8, 2017

Written by

Eberhard Schoeneburg
W Artificial Intelligence Pioneer, Al Advisor, Key-Note Speaker, Author, Investor
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Max Hodges e qw
" Founder/Director at White Rabbit Express

>However, all intelligence we know so far emerges only in biological, living systems, not in machines that are
based on mathematical, logical or engineering principles like all the modern Al models are.

>In hindsight, the theorems show us that we may have taken a wrong path to Al. The way forward in Al therefore
rather lies in what | would call the "biology turn".

You could also say that "all sustained, powered flight so far only emerges in biological, living systems, not in ma-
chines based on engineering principles". And you would have been correct, right up until the Wright Flyer.
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Max Hodges e 1w
Founder/Director at White Rabbit Express

I think this guy is deeply confused and conflating different things. What we know about computation gives us no
reason to suppose machines have any limitations not shared by man.

| skimmed this very long paper looking for any "proof of the limitations of Al" and found nothing.

"Using a similar logic as Goedel did in his Incompleteness theorem, Turing proved that if any such algorithm exist-
ed and were to be run on a Turing machine, the machine could be shown to run forever and halt at the same time
which is a contradiction and hence the assumption could not be true. Using this negative result for the Halting
problem, Turing then deduced that there also cannot be an algorithm for the more specific Entscheidungsproblem
for mathematical theorems."

The only thing that seems to prove is the author's very limited view of machine intelligence. You don't get ma-
chine intelligence from any single algorithm.

“To build systems as resourceful and adaptive as people, we must develop cognitive architectures that support
great procedural and representational diversity. No single technique is by itself powerful enough to deal with the
broad range of domains every ordinary person can understand— even as children, we can effortlessly think about
complex problems involving temporal, spatial, physical, bodily, psychological, and social dimensions.”

--Push Singh

| fail to see what specific limits, if any, this author claims exist regarding the development of A.l. due to irrelevant
limitations around algorithms being unable to prove that they can't prove something. It's like saying "traffic signal
controllers are impossible to build because they are based on logic and logic is Incomplete".

Please tell me why I'm wrong.

Finally the whole right turn at the end about biology is just as wrong. This idea of carbon vs silicon seems like a
rehash of arguments I've seen made about software vs hardware approaches to A.l.--and it's wrong for the same
reasons. In a word, the substrate is irrelevant--It's the processes that matter.

You can make a clock out of quartz and electronics, metal springs and gears, or wood and rocks. What matters is
how those parts are arranged; not from what they are made. What's holding us back in the field of machine intelli-
gence more than anything is simply our ideas and theories about intelligence; not some need for "wet" comput-
ers.
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Tarek ElI-Gaaly s 2mo
Senior Research Scientist at Voyage

this should be turned into a book! Absolutely loved reading this!! Any further reading recommendations to dig
deeper into everything above? would be great!! :D
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it's wrong.
Like Reply
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very very interesting ... Thank you!!
Like Reply

Isabel Fernandez Pefiuelas === 2mo
Digital Director, Oracle EMEA

Extraordinary article to review and learn on the birth of Al and brillant conclusion which bring to my mind the idea
of non-division man and machine as a new Al direction ...perhaps to be called hybrid Al
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Dr. Helmut Mueller s 2mo
Architect for Cloud and Analytics in Automotiv DACH at...

Really impressed on this article
Like Reply

Eric Holloway s 2mo
Fitness Trainer at Tenacious Fitness, Jesus Follower,...

If computational and mathematical systems are incapable of replicating human intelligence, and all Al systems run
on computation and math, then biology will be zero help in creating human level intelligence on a computer.
Looks like the author needs more logic and less biology.

Like Reply o1

Eberhard Schoeneburg 2mo
Artificial Intelligence Pioneer, Al Advisor,...

Sorry, but you did not get my argument and instead of criticising me, | would appreciate more humbleness
on your side. | am advocating bio inspired algorithms to create "intelligence" and bio chips and machines
that are much more powerful than current conventional computers (as are quantum computers potentially).
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Menno Mafait s 2mo
Thinknowlogy is based on natural intelligence. I've...

Al scientists made a fundamental mistake 60 years ago. The field of Al and knowledge technology is researched
using cognitive science. However:

* Intelligence and language are natural phenomena;
 Natural phenomena obey laws of nature;
 Laws of nature (and logic) are investigated using fundamental science.

So, being researched using cognitive science (simulation of behavior), Al is a "flight simulator" instead of an "air-
plane". A flight simulator moves pixels on the screen — and the cones of the speakers — but it will not leave the
room.

As a consequence, scientists fail to define intelligence in a natural way (as a set of natural laws). Therefore, Al is
limited to engineering: specific solutions to specific problems.

I am using fundamental science (logic and laws of nature) instead of cognitive science (simulation of behavior):
» Autonomous reasoning requires both intelligence and language;

* Intelligence and language are natural phenomena;
» Natural phenomena obey laws of nature;
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« Laws of nature (and logic) are investigated using fundamental science.
Using fundamental science, | gained knowledge and experience that no one else has:

« | have defined intelligence in a natural way, as a set of natural laws (http://mafait.org/intelligence/);

« | have discovered a logical relationship between natural intelligence and natural language (http://mafait.org/intel-
ligence_in_grammar/), which | am implementing in software;

« And | defy anyone to beat the simplest results of my Controlled Natural Language reasoner in a generic way,
from natural language, through algorithms, to natural language: http://mafait.org/challenge/.

It is open source software. So, everyone is invited to join.
Like Reply

Maarten van der Heijden s 2mo
Business consultant Bl and reporting at Tata Steel BV

a nice brain twister. Somehow (I am not a mathematician) the ambiguity of ZERO came to mind, neither positive
nor negative, as a comparison. In computer terms ZERO is somewhat obfuscated by the fact that the 0 has there
an absolute meaning and in it's place we find the NULL. Thanks for this.
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Madhav Dhakal = 2mo

Executive Engineering/sales/Marketing/ Trade & Service
Complicated....
Like Reply

Mechie Nkengla === 2mo
Principal Data Scientist at Data products LLC.

Bravo!!! Well written piece. More thoughtful pieces of this calibre needed.
Like Reply

Dr. Olav Laudy ssr 2mo
Chief Data Strategist, IBM Analytics, Asia-Pacific

That's a piece | wanna see more like on LinkedIn.
Like Reply & 2

Bill Winkler e 2mo
principal researcher at us census bureau

Toward the end of the twentieth century, Time Magazine published its list of the greatest events of the century.
Kurt Goedel's Incompleteness Theorem was the greatest mathematical event followed by honorable mention Paul
Erdos ideas in combinatorics. Very nice history. Thank you Eberhard Schoeneburg.
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Christophe Le Cannellier ssr 2mo
Cyber Security Expert, Cyber Security Governance,...

Godel, Escher, Bach : an Eternal Golden Braid
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Paul Netherwood == 2mo
Partner, Beach Horizon LLP

Fantastic coverage of the key thinkers in logic, theorem proving and computing. The limits of computatbility em-
bodied by these great thinkers is enough a shed doubt on the inevitability of the Singularity imagined by Ray
Kurzweil. | make a similar reference to these great scientists (although nowhere the same depth as this great arti-
cle) in my article about the Financial Singularity https://www.linkedin.com/pulse/financial-singularity-machines-
destroy-markets-paul-netherwood in the Laplace's Demon section.
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Arnab Sarkar == 2mo
Derivatives Trader at AllianceBernstein LP

A beautiful narration and a great analysis.
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Emile van Bergen s 2mo
Software engineer computer vision at Kapsch TrafficCom

Thanks! One of the more inspiring reads since Hofstadter's GEB, many years ago. And indeed, important to keep
beating the maths drum to programmers producing code by the KLOC. There are so many beautiful behaviours
and abstractions that mathematicians have investigated to great depth that the effort of finding an analogy to your
problem in that great library beats writing code every time. Correctness, robustness, verifiability are at a level that
classically produced software rarely achieves, if ever.

Regarding your conclusion | do wonder if Gédels incompleteness theorem (the open ended nature of formal sys-
tems) can say or suggest anything about the feasibility of a mathematical model of human intelligence.

Can't it just as well be the case that anything that math cannot do, we cannot do either? If mathematics is open
ended and incomplete, it might still be completely sufficient to fully describe the behaviour of the universe, us in-
cluded.

If no formal system can both produce and verify itself, the same might apply to the universe (us included).
Like Reply &2 gt

Andres Mendez-Vazquez 2mo
Associate Research Professor at Cinvestav...

Basically, Are there things that cannot be expressed as algorithms? It might be... after all there is not a uni-
versal accepted definition of an algorithm. We still do not know the limits of such construct.... An intriguing
observation thanks!!!

Like Reply

Daniel Nikpayuk s 2mo
Thinker at Independent

| pieced most of the "foundations of math" history together on my own in my youth, but didn't know much about
Frege's or Brouwer's exact contributions, you filled in some gaps for me, so thank you for that.

I've been working on my own design oriented interdisciplinary philosophy of "identity" and programming lan-
guage if you're interested: https://daniel-nikpayuk.github.io/manifestos/index.html#a-shift-in-computational-think-

ing
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| read it word for word. And did not understand a lot:).
Like Reply 01
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Data Science | Deep Learning | Blockchain

Perhaps this would help: https://www.youtube.com/watch?v=0kIG8ItHjE4
Like Reply

Daniel Li == 2mo
SVP / Head of API Partnership, Innovation Group, T&0O @...

The longest post I've ever read word by word on LinkedIn, and it's always fascinating to ruminate the lineage be-
tween what we take for granted today and the foundation built by great minds in the past.
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Alvaro Martinez Lopez === 2mo
Senior CPU Design Engineer at Huawei Technologies

Very interesting walk through philosophy of mathematics. As a side note, my understanding of the decision prob-
lem is the search for an algorithm to determine if a sentence has a proof (rather than it is true or false) or other-
wise, it is a waste of time searching the proof. If a theory is complete then so it is decidable (by brute force gener-
ate all strings in the language until deriving P or not P). Am | right?

On the other hand, we as biological intelligent beings are limited by Godel IT no matter if we use ZFC or any other
axioms.

| think that even in very simplistic axiomatic systems, such as an assembly language and a computer, intelligence
and consciousness emerge as a consequence of executing very complex algorithms such as deep neural net-
works or RNN that function in the border of chaotic dynamics, regardless of the physical substrate, biological or
silicon.
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Excellent article, thank you
Like Reply
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Godel's theorem invalidates itself.
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And therefore it is not a theorem, but nonsense.
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Strategic Business & IT Solutions Provider at...

Hmm... your statement reminded me of an article | read in the Scientific American, (which | had to search
for, so to reference, and found)... here is the statement that rang in my mind when | read your comment:
"Giving a mathematically precise statement of Godel's Incompleteness Theorem would only obscure its im-
portant intuitive content from almost anyone who is not a specialist in mathematical logic." Here is the arti-
cle's URL: https://www.scientificamerican.com/article/what-is-godels-theorem/ ... perhaps readers can find
it of interest/use. =)
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Eduardo B. L. Oliva === 2mo
Research Leader at Ericsson Telecomunicagdes S.A.

Indeed. Fascinating and resonating with my worldview. | skipped the math part due to lack of background. The
impression | have is that Godel’s Incompeteness Theorems are still no Completly understood yet... Thanks for the
pointer.
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Carlos R. B. Azevedo s=s  2mo
Al R&D Technical Supervisor at Samsung Electronics

Have a look at this Eduardo B. L. Oliva. You'll enjoy it.
Like Reply

FRANCIS j DUQUE . === 2mo
DIRECTOR OF LEGAL SERVICES UK | BOARD OF...

Prof. Schoeneburg, your wide field of view make it perfect to understand Al as a paradigm. Super! FjD
Like Reply

Philippe Chaniet s 2mo

Senior Data Consultant at Zenrin Geo Intelligence

Difficult to weave a broader and more interesting background to Al. | concur with the conclusion: Trying to find a
path to Al only through algorithm and computational logic may take us forever. Not because it is impossible but
because we still need to discover deep and complex principles which will necessarily take a long time. Converse-
ly, we have a working model of intelligence. Advances in neuro-science coupled with our increased ability to
probe the brain should relatively quickly show us "how" even if it takes longer to understand "why"!
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PhD, Research & Development Director MAGNUM COURB

Thank you very much for this excellent article Eberhard! | am so happy to see that at least one person is aware of
the state of the art in mathematical analysis of what is the intelligence, not just hardware or neural network (lol)
advertisements/internet spams fooling all research labs and gafa investors. Frege was the first to work on "true"
understanding 80 years before the first Al Lab (without computer) and Minsky logical frames (MIT Al Lab). Frege
brings an essential part, it is the vectorization of language where vector is a representation of multidimensional set
used in meaning. The human language works with lots of missing and metaphors because of the processing pow-
er of the "code" in our brain. We contradict Goedel's theory just because a mathematical theory is just a simplifi-
cation of the reality and before attaining the limit of truth, there are a lot of combination of rules (ie code) that
works not at the 100% ideal results level wanted by theory. Our (real) brain proves it. Multidimensional theory is
required to understand what is happening in living space-time ;-)
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Wolf Richter == 2mo
President - EPIC Semiconductors

| like the "Easter eggs" and your sense of humor, Eberhard. This article makes me thinking, how much we owe
our teachers, and if we could be "inteeligent" or "smart" without them.

| also begin to understand why my engineers always "exactly know what's not working". Therefore, what's left
must be the "working solution". Forgetting Math, fiddling with knows and code - that makes any job "infinite" ,
let's call the result "A.L." (or 42:)
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Erik Muylle s 2mo
Finance and Administration Organizer - Combining...

Superb read again, Eberhard. A pleasure to read and get into deeper understanding of mathematics and Al.
Like Reply N1

Sanjeev Thohan sss 2mo
Innovative Drug Hunter and Safety Expert

Wow. Great share. Thanks.
Like Reply

Lisa Wood s 2mo
Head of Cognitive World, an Al knowledge hub

Wonderful share. Thanks, Eberhard.
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